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ABSTRACT

In this paper we study the cocharacter sequence of M> 1 and obtain esti-
mates for the multiplicities of the irreducible Sy-characters x*, where A

is any partition with at most 5 parts.

In this paper we investigate the cocharacter sequence of Ms 1,

Xn(Mz,l) = Z mAX)\-
AEH (5,4;n)

Note that H(5,4;n) denotes the partitions of n in the 5 x 4 hook, i.e., those
in which only the first five parts can be greater than four. For this reason
it is reasonable to focus on partitions of height at most five. Let y) be the
multiplicity of x* in the Young derived sequence of the cocharacter sequence of
2 x 2 matrices. The coefficient y, is a polynomial of degree 7 in the parts of A,
with leading terms computed in equation (3), below. Then we prove that for
some constant C,

(1) 1/6yx < my < Cyy,

for all partitions of height between 2 and 5 with at least two parts greater
than or equal to 2. The same bounds also hold for the multiplicities in the
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trace cocharacter. More generally, given any fixed height h, there exists a con-
stant C' = C(h) such that if X is a partition of height at most h and p is the
first 5 parts of A, then

my < Cyu.

For both the upper and lower bound, the techniques we use to prove our main
theorem can be used to obtain better bounds.

This work suggests a conjecture for the cocharacters in the arm of any My, ,.
Given any two sequences ¢ = {¢,}, and ¢ = {¢, },, of S,-characters we can
define the tensor product ¢ via (¢p&1)), = Ziﬂ:n $i@1p;. We note, for
later reference, that this operation is commutative and associative. Let x(F')
be the cocharacter sequence of the field F, so x,,(F) is the irreducible character
X Then, the Young derived character of ¢ is X(F)@¢. Keeping in mind that
the trace cocharacter sequence and the cocharacter sequence of 2 x 2 matrices
are approximately equal, equation (1) can be thought of as saying that the
arm of the cocharacter of Ms ; is bounded above and below by constants times
X(F)@x(Mz(F)). Seen in this light, equation (1) suggests this conjecture.

CONJECTURE: Let x#™(Mjy, ;) be the arm of the cocharacter of My, s, namely,
the part of the cocharacter corresponding to partitions of height at most k2 + (2.
Then

XM ( My, 0) = x (M (F))©x(M(F))

in the sense that, for most partitions A of height at most k?+¢2, the multiplicity
of x* in x(My¢) is bounded above and below by constants times its multiplicity
in x(My(F))@x(Me(F)).

1. Preliminaries

1.1 Younc DERIVED SEQUENCES. We recall the definition of Young derived
from [7]. Given a sequence of S,, characters ¢ = {¢,}22, we construct a new
sequence of S, characters i called the Young derived sequence of ¢ and denoted
= Y(¢). Tt is defined by

n

y(d)n) = Zx(j)(gd)nfj-

=0

If ¢, = ZAePar(n) mxx”, then the multiplicity of x* in v, = Y(¢,) can be
computed using Young’s rule. It is )" m, summed over all ;4 C X such that \/p
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is a horizontal strip. This is equivalent to

A X An

> S,

H1=A2 p2=A3 Hn=0
Consider now the case in which each ¢,, is supported by partitions of height

at most k, A = (A1,...,Ag). This is denoted by A € Ag(n). It is useful to
extend the notation of Young derivation to functions. Let m(A) be a function
on {J,, Ax(n). Then we can formally define )(m) to be a function on partitions
of height at most k£ + 1 via

A1 A2

y(m)()\l,...,)\k+1) = Z Z z": m('u)

H1=A2 pl2=A3 Hn=0
If we assume that the multiplicities are given by a monomial in the parts of A,
m(A) = AT - AP*, then Y(m)(A) is given by

A1 A2 )\lc
n n Nk
Dot > mpte >0
H1=A2 p2=X3 M =Ak+41
ni+1 ni+1 na2+1 na2+1 ni+1 ng+1
AT =2 = AT (T =)

k+1
= + + lower order terms.

(ny+ 1) (ng + 1)!
In order to approximate )Y(m) on polynomial functions, define a map
Y:F[A, ..., ] = F[A1, ..., Aky1] given by
O A (g - A e - e
(ny+ 1) (ng + 1)!
and extend to all of F[A1,...,\g] by linearity. Then, for m(Aq,..., ) a poly-

Y- A) =

)

nomial,

(2) )}( Z m()\)x)‘) = Z Y (m(X\))x* + lower order terms.

In particular, Y (m)(A) ~ Y(m)(}) if the differences \; — \;11 tend to infinity.
The case that is most important for this paper is the trace cocharacter se-
quence for 2 x 2 matrices. Here,

my=M —d+1)(A2 =3+ 1) (A3 — A+ 1).
The expansion will be a polynomial of degree 3 and Y (m) will be a polynomial
of degree 7. The reader may care to check that the leading term in Y (m)) is
1/24(Mg — A5) (A3 — M) (A2 — A3) (A1 — A2)
X (BAM1 2223 — 3A2 A1 A5 — AsA1Aa — A AT — M + 3A1Ads — AJAs + A3As
+ A5 A3 A2 + A3As + A5A5 4+ A3A] — BAads Az — AaA3).
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Hence,

Y :1/24()\4 — )\5)()\3 — )\4)()\2 — )\3)()\1 — )\Q)X
(3A1 2223 — 3X2 A1 A5 — A3A 1Ay — A A2 — A A2+ 30 A s — A2)3 + A3+
(3)  +F AsAada + A3+ A2As + A3AT — 3AAs)3 — A2)3) + lower order terms.

1.2 THE INNER PrRODUCT. Given any commutative ring K with 1, we consider
the symmetric functions in n variables x1,...,z, localized at z;---z,: R =
Klz1,..., %, (x1 - 2,) "] This ring has a basis consisting of functions of the
form (a1 -+ x,)*Sx(21 -+ - x,) where Sy is a Schur function and A is a partition
of height at most n— 1 and a is an integer. It has an inner product with respect
to which this basis is orthonormal. We write the inner product as (f, g)n.
Formanek showed in [5] how to use this inner product to compute the trace
cocharacters for n x n matrices. Here is his result:

THEOREM 1 (Formanek): Let m5" (M,,) and m"* (M,,) be the multiplicities of
x* in the pure and mixed trace cocharacter sequences for n x n matrices over
the characteristic zero field, F'. Then these multiplicities can be computed as

inner products

m&lltr(Mn) = <S/\(-ri$j_1)a 1>n

my (M) = <inxj_15’,\(acixj_l), 1> ,

n
where i,j =1,...,n.
In the case of n = 2, the multiplicities are given by
mitr(MQ) = (SA($1$2_17$1_1$27 1) 1)7 1)2

4)  mpv (L)

((2+ azlzgl + ZL'1_1£L'2)S,\(ZL'1!L‘2_1, zl_lzrg, 1,1), 1)s.

These multiplicities have been computed explicitly, see [5] and [6]. We will need
only the explicit form in the case of the mixed trace and the obvious fact that
these are greater than the multiplicities in the pure trace case.

THEOREM 2 (Formanek and Procesi): For all \ of height at most 4,
mgtr(Mg) S mf\n"(Mg) = WiWwaWws,

where each w; = \; — \jy1 + 1.

We conclude this section with a generalization of (), that we will need in
section 2.2. Consider the polynomial ring in two sets of variables x4, ..., x, and
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Y1, ---,Ym, localized at x1 ---x, and at y1 - - - Y. Let R be the elements of this
ring that are symmetric in the z’s and y’s separately,

R = F[.I'h_. Tn,y Y1 ..y,m’(l-l . ".I'n)_l, (yl . ..ynb)_l]SnXSm.

This ring has basis
(@1 20) (1Y) "SA (@1, ) Su (Y1, Y

where A is a partition of height at most n —1 and u a partition of height at most
m — 1 and a and b are integers. There is an inner product we denote (, ), m
with respect to which this basis is orthonormal. This inner product relates to
the previous as follows: The algebra R is the tensor product

R = F[.I'l, vy T,y (l‘l et $7L)71]Sn & F[yh sy Ym, (yl et y7n)71]sm-

Then

(5) (fl b2 f2;gl & g2>n,m = <f1791>n<f2;g2>7n-

2. The Arm of the Cocharacter

2.1 LOowWER BOUND. Let M3M; denoted the algebra of 3 x 3 matrices of the

‘3 g), where A is a 2 X 2 matrix and D a 1 x 1 matrix. The T-ideal of

identities of My M), is the product of the ideals of identities of 2 X 2 matrices and

form (

1 x 1 matrices. Moreover, MyM; is p. i. equivalent to a subalgebra of M ; and
so its cocharacter sequence gives a lower bound for that of M ;. That sequence
is easy to describe using [3], although we do not know how to compute the trace
cocharacters of MyM;.

THEOREM 3: The cocharacter of My ; is greater than or equal to that of MyM;
which equals:

n—1
Xn(MaMy) =X + xn (M2(F)) + xM& Z X(j)®an1fj(M2(F))
§=0

= XYV &xnj(Ma(F))
=0

This formula can be restated in the more compact form

X(Ma1) > X(F) + x(Ma(F)) + (xV) = 1)@V (x(Ma(F)))
1

X
(6) X(F) + x(Ma(F)) + Y(x™ — 1)@x(Ma(F))).
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Of course, the left hand side of this inequality is supported in the strip H(5,0),
which is the arm of the cocharacter.

The cocharacter sequence {x,(M2(F))} was computed by Drensky and For-
manek, see [4] and [5]. We record the results.

THEOREM 4 (Drensky and Formanek): The multiplicities in the cocharacter
sequence of 2 X 2 matrices are given by

mx(Ma(F)) =
1 it A= (n)
()\1 — Ay + 1))\2 if\= ()\1,)\2),)\2 >1
)\1(2—)\4)—1 if)\:()\l,l,l,)\4)

()\1 — )\2 + 1)()\2 - )\3 + 1)()\3 - )\4 + 1) otherwise.

This is the Young derived sequence of 1 + > x*, where A runs over all
A= ()\1,)\2, )\3) with )\2 Z 1 and A 75 (1, 1, 1)

Combining the last part of the Drensky—Formanek theorem with equation (6)
yields

A(May) > y(2 F SO = O e ) £ (11,100 2 1}
™) + () = DENOR(P)))

We abbreviate the right hand side as V(3 nxx?) and we let m/, be the function
which is 1 on all partitions of height 2 or 3, except for (1,1, 1), equal to 2 on
the trivial partition and which is zero otherwise.

LEMMA 5: Let ny be defined as above. If X = (\1,\2,A3,\q,1) then
N = M, as0a,0) (M2(F)); if X is any other partition of height greater than 4,
ny = 0; and if A has height less than or equal to 4, then n) is given as in figure 1,
where w; = A\; — A\ip1 + 1.

Proof: Given a partition A, let A~ be the set of partitions gotten from A\ by
subtracting 1 from one of the parts. Then

ny =mh\ —my + Z my,
HENT
where m = m(My(F)) is as in Drensky—Formanek. If A5 > 2 or A¢ > 1, then
A~ will contain only partitions of height at least 5 and so ny = 0. If \s =1
and A\g = 0 the only partition of height less than 5 in A~ is the one received by
replacing A5 by zero and so ny = m(x, ... x)-
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A ny
Ag > 2, Ay >0 Swiwaws — w1 — ws
)\3 Z 2, )\4 =0 2(.4}10}2(4}3 — W] — W3 — Wiw2 + 1
(A1, 22,1,1), Ay > 3 | Bwiwaws — w1 — w3, where wz = 1
(M, A2,1), A2 >3 wi(Ble —2)—1
(A1,2,1) 4\ — 6
(>‘172a171) S — 7
(Alalalal)a )\122 2)\172
(1) 1
()\1,1,1) )\1 —1
()‘17)\2); )\2 22 wl()\g—l)
(Alal) 1
(A1), M1 2>1 0
(0) 1

Figure 1. Values of ny

If A3 > 2 and Ay > 1 then m, =0 and

ny=— m()\17)\2) )‘37)\4) + m()\l - 17)\27)\3) )\4) + m()\17)\2 - 17)\37)\4)

+ m()\1,>\2, )\3 — 1, )\4) + m()\1,>\2,>\3, )\4 — 1)

= — wiwows + (w1 — Nwows + (w1 + 1) (w2 — 1)ws

+ w1 (w2 + 1)(ws — 1) + wiwa(ws + 1)

:3(.4}10)2(4}3 — W3 — w1

377

If A3 > 2 and \y = 0, the computation will be the same, except there will
be no m(Ai, A2, A3, Ay — 1) term and there will be a +1 for the m). Hence,

ny = 20)10)2(4}3 — W3 — W] — Wiwa + 1.

We now consider the cases in which A3 = 1. First we consider the cases in
which Ay > 3. If \y = 1 the computation is the same as the A3 > 2, Ay > 1 case

with wg =1 and my = 3wiws — 1 —wy. If Ay > 3, A3 =1 and A4 = 0, then

77,()\1, )\2, 1) :m’()\) — m(>\1, )\2, 1) + m(>\1 — 1, )\2, 1) + m(>\1, )\2 — 1, 1)

+ m(A1, A2)

=1 —w1(A2)(2) + (w1 = 1)(A2)(2) + (w1 + 1) (A2 = 1)(2) + w1(A2)

:3011)\2 - 2&4}1 -1
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If A =(A\1,2,1,1), then m) =0 and
77,()\17 2; 17 1) = 7m(>‘17 2; 17 1) + m(>‘1 - 1; 27 1) 1) + m(>‘1a 17 1; 1) + m(>‘1a 27 1)
=—M-12+NM—-22+M -1+ —1)4
=5\ — 7.
If A= (A\,2,1), then m) =1 and
77,()\1, 2, 1) =1- m(>\1, 2, 1) + m(>\1 — 1, 2, 1) + m(>\1, 1, 1) + m(>\1, 2)
=1—-(M—-1)44+ M =24+ 2\ —1)+ (N —1)2
=4\ — 6.
If X =(A,1,1,1) with Ay > 2, then m}, =0 and
n(A,1,1,1) = —m(A, 1,1, 1) +m(A — 1,1,1,1) + m(Ag, 1, 1)
=—-(M-D+ M =2)+ @M —1) =2\ -2
And, if X = (1), n((1*)) = —m((1%)) + m((13)) = 1.
If A= (A\,1,1) with Ay > 2, then m, =1 and
n(>\1, 1, 1) =1- m(>\1, 1, 1) + m(>\1 — 1, 1, 1) + m(>\1, 1)
=1- (2)\1 — 1) + (2)\1 — 3) + ()\1)
=X —1.
If A=(1,1,1), then m) = 0and n(1,1,1) = —m(1,1,1)+m(1,1) = 0. We note
that n()\) is also equal to A\; — 1 in this case.
We now turn to the height two case. If Ay > 2, then m/, =1 and
’n()\l,)\g) =1- m()\l, )\2) + m()\l — 1,)\2) + m()\l,)\g — 1)
=1- W1>\2 + (wl — 1))\2 + (wl + 1)()\2 — 1)
:wl)\g — W1
= wl(>\2 — 1)
If A = (A1,1) then
77,()\1, 1) =1- m(>\1, 1) + m(>\1 — 1, 1) + m(>\1)
=l-M+NM-1)+1=1
Finally, if A = (A1), then m) = 0 and m(\1) = m(A1—1) = 1 and so n(A) = 0;

unless A; = 0 in which case, m) = 2 and there is no m(A; — 1) term. The net
effect is n(\) = 1. |
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COROLLARY 6: 6n) > my for all X except for A = (13), (A1,1) or (A1), A1 > 1,
where my is m¥*(Ms) as in Theorem 2.

Proof: If X is a partition of height greater than 4, my = 0 and the inequality is

automatic. If X is any partition of height at most 4, then m) = wiwows and each

w; > 1. We now consider separately each of the cases of the previous lemma.
In the case of A3 > 2 and Ay > 0, or (A1, A2, 1,1) and Ay > 4, 6n) —m) equals

17(.4}1(4}20}3 - 60)1 - 60)3 == W1W3(17W2 - 6/(.4}3 - 6/0)1) Z W1W3(17 —6— 6) Z 0.
In the case of A3 > 2 and \y = 0, note that w3 > 3 and so 6n) — m) equals

llwiwowsg — 6wy — bws — bwiws + 6 = w1w2(5w3 — 6/&)2 — 6) + w3(6w1w2 — 6)

> W1WQ(15*6*6)+W3(6*6) >0

In the case of A = (A1, A\2,1) with A2 > 3, my = 2wy and so 6ny — My
equals
16wiAs — 12w1 — 6 > 48wy — 12w1 — 6 > 0.

In the case of A = (A1,2,1), my = 4\ — 4 and so 6ny — my = 20\; — 36
which is greater than zero since A\; must be at least 2.

In the case of A = (A\,2,1,1), my = 2A\; — 2 and so 6n) — my = 28\; — 38
which again is greater than zero since A\; must be at least 2.

In the case of A = (A\1,1,1,1) with Ay > 2, my = A\ and so 6ny — my =
11A; — 12 > 0. And, if \; = 1, then 6n, —my = 5.

If A = (A1,1,1) then my = 2X\; and so 6n) — my = 4\ — 6. This is greater
than or equal to zero, unless A\ = 1.

If A = (A1, A2) with Ay > 2 then my = wi(A2 + 1) and so 6ny — my =
w1(BAa —7) > 0. |

With the help of this corollary and the previous lemma we can now prove
the lower bound on for my(Maz 1) with A € H(5,0) which we stated in the
introduction.

THEOREM T7: If X\ € As(n) is not of the form (A1) or (A1, 1), then the multiplicity
of x* in xn(Ma,1) is greater than or equal to %y,\.

Proof: Comparing the ny with m) = wiwsws, the previous corollary states
that ny > my for all A except A = (A1), (A1, 1), or (1,1,1). These occur in
the computation of Y(m) and of Y(n), for those A with \/u a horizontal strip,
where p is one of the above. Hence, the possibly problematic A are those of
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the form (A1, A2), (A1, A2, 1), and (A1, 12). For all other X it is immediate that
Y(n)x = +Y(m)x. We now consider the remaining cases.
CASE OF X\ = (A1, 13):

/\1 /\1

. . ... 3
V() = ;(m(z, 1%) +m(i,1%)) = ;(z +2i) = S (M + 1).
On the other hand,
A1 A1
V() =Y (na(i,1%) +na(i,1%) =Y (2 —24i—1)+1 (for A= (1,1,1,1))
=1 =1

3
= SA 1)+ 1.

Hence, 6 (n)x — Y(m)y = %)\1 (51 — 7) + 6, which is positive for all A\; > 1.
CASE OF X\ = (\1,1?):

A1 A1
V() = Z(m(i, 12) + (i, 1Y) = Z(Zi +2i) =220 (M + 1)
and
A1 A1 1
V(n)y = Z(m(z‘, 1) + np(i,1)) = Z(i —1+41)= 5)\10\1 +1).

Hence, 6Y(n)x — Y(m)xr = A1(A1 +1) > 0.
CASE OF A = (A1, A2): This and the next case are more difficult.

A2 A1

Y(m)y = Z Z (1 — p2+ D) (p2 +1).

H2=0 p1=XAs

Making the substitution wy; = p; — po + 1 yields

Az Ai—patl Az A1 —p2+1
Y=Y > wilpptl)=Y (i2+1) Y w
H2=0wi=Ao—p2+1 12=0 wi=Xo—pa+1
A2 1
= D~ 52+ D= Ao + D + Ao — 2us +2).
p2=0

In order to do the corresponding computation for ny, we assume that Ay > 2
and note from table 1 that n, is zero if pup = 0 and has different descriptions
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depending on whether ps = 1 or us > 2. As above, we make the substitution
w1 =1 — p2 + 1,

A2 A1—p2+1

TUNSD I DETTFHIS S SETS SENS SUNFTS

H2=0 p1=XA2 H2=1p1=2X2 p2=2wi=A2—pu2+1

A2
1
=AM —-X+1+ Z 5(/\1—/\2+1)(A1+/\272u2+2)(u271)~

p2=2

We now compute 6)(n)y — V(i) equals (A1 — A2 + 1) times

Az 1
DT+ =2+ 2)(Bua—T)+12 = Y (2 +1)(A1 + Ao — 22+ 2)
po=2 p2=0
Az
=124 > (M + A —2u2+2)(Bua — 7) — (3M1 +3X2 +2).
p2=2
In order to get an upper bound we replace the sum by its pus = 2 term:

6Y(n)x — Y(1m)y is greater than or equal to (A1 — Az + 1) times
300 + A2 —2) + 12— (30 + 30 +2) = 4.

CASE OF A = (A1, A\,1) WITH A2 > 2:

A2 A1

Y=Y > (mlu, p2, 1) + mlp, p)

p2=1p1=2>Xz2
Ao wi=A1—p2+1

= Z Z (2pawr + (p2 + Lw1)

p2=1lwi=Aag—p2+1

A2 UJ1:/\1—;,L2+1
= Z (Buz +1) Z w1
M2:1 wi=A2—p2+1
(8) = Z (3pz + 1)(A — Aa + 1) (A1 + Ao — 2u0 + 2).
H2= 1

In the computation of Y(n)y , we will need to consider separately u C X of the
form (u1,2,1), (11,1,1) and (u1,1). Then,

n)x = Z Z n(p, p2, 1) + n(pa, p2)).

H2=1 p1=XAz
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Now,
5 3 nlinnt
p2=1p1=>A2
A1 A1 A2 A1
= Z n(u171a1)+ Z ,LL172 1 Z Z ,LL17N27
pn1=A2 H1=A2 H2=3 p1=>A2
Al )\1
TS S
1=z 1=z
A2 A1—p2+1
Y w2
p2=3 wi=A2—p2+1
1
:§(>\1 — X+ 1)(5)\1 + 5o — 14)
A2
+ ( Z(3u2—2) (A1 — )\2+1)(>\1+>\2—2u2+2))
p2=3
— ()\1 — Ao+ 1)(}\2 — 2)
and
)\1 )\2 )\1
DD SRS SRS S SRR
pe=1p1=>Az p1=Az H2=2 pi1=>Az
A1 A2 A1 —p2+1
S5 SRED SIS ST
1=z H2=2wi=Az—p2+1
=M1 =X +1)

2
1
+ 3 (u2 - D51 = X2+ DA+ Ao = 242 +2).

Hence, Y(n)y equals (Ay — A2 + 1) times

A2

1
551+ 5 — 14) + Z(3u2—2) A+ —2u2+2)— (N —2)+1
H2=3
1 22
+§()\1+>\274)+ 23( 2*1) ()\14’)\272#24’2)
H2
A2
(9) =3\ 42X — 6+ = Z Apig — 3) (A1 + Ay — 2p9 + 2).

#23
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Combining this equation with equation (8) we compute 6)(n)x — Y(m)x, by
pulling out initial terms in the computation of my and get (A; — Ay + 1) times

A2
1
6(3)\1 +2X — 6+ 5 Z (4,LL2 — 3)()\1 + Ao — 2u0 + 2))

p2=3
1/ &
—3 ( D Buz+ 1)(Ar + X2 — 22 +2) + 4(A + A2) + T\ + do — 2))
p2=3
1 1 &
= 5(25M1 + 13Xz —58) + 5 > (132 = 13)(A1 + A2 — 212 +2)
p2=3

Each term in the summation is positive and since A\; > Ay > 2 the first term is
greater than or equal to 50 + 26 — 58 and so is greater than 0. |

Remark 8: There are two remaining cases, A = (A1) and A = (A1, 1). Note that
Y(n)(A1) =1 and Y(n)(A1,1) = A1, and the multiplicity dy of the irreducible
Sp-module corresponding to A is also 1 and A; in the respective cases. Since
these are equal, my(Mz1) =1 for A = (A1) and my(Ma1) = A for A = (Mg, 1).

2.2 UprPER BoUND. The generic trace ring for My ¢ is a fixed ring for the
general linear Lie superalgebra pl(k, £). As such, it is contained in a fixed ring
for gl(k) x gl(£) C pl(k,£). These facts were used in [1] to get an upper bound for
m™* (My,¢), see corollary 21 of [1]. That corollary is stated in the language of
contour integrals, but easily translates to the inner products of Schur functions,
see section 1.2. Here is that translation in the case of M ;. Note that HS)
denotes the hook Schur function defined in [2].

LEMMA 9: my(Maz1) < mY* (M) and

mr/\ntr(MQ,l) S <t(ZL'1,:L'2,y)HS)\(1,1,1,ﬂ, ﬂa ﬂ ﬁaia £)71>2 1;

where t(z1, w2,y) = B+ T+ 2+ T+ 2+ L+ 1)
By the definition of hook Schur functions

HS\(1, 1,1, may b ay  was oy ™ woy ™Yy by, ) =

(10) Z S,(1,1,1, xlzgl, 1'1_11'2)S(k/u)/(l‘1y71, oy 1, zl_ly, x;ly).
HCA
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Also by Littlewood—Richardson,
S(A/,u,)/(l‘ly_lwxéy_l ‘rfly?x;ly) =

(11) ZC VS (ry ™ way ™ ar y 25 ty).

The C’A v
of skew tableaux of shape A\/p and content v with certain properties. Since A/u

are the Littlewood—Richardson coefficients. They equal the number

has |v| boxes
Cirw < 1"

and, in particular, if |v| is bounded, so is O[),w In equation (11) v/ must have
height at most four since S,/ (x1y~ !, ... 25 1y) involves four variables. Hence,
each row of v is of length at most 4. On the other hand, C’ﬁ"u will be zero unless
v C )\, so under the assumption that A has height at most 5, ¥ must also have
height at most 5. Hence, v C (4°), and in particular |v| is bounded, and so C?W
will also be bounded.

Now define the distance between two partitions a and 3 as d(a, () =
> |a; — B:i] The previous discussion implies that if A is a partition of height
at most 5, then

ma(Ma,1) < mY (Ma)
<Y e (t(@r, 2, y)Su(1, 1, 1wy oy )
(12) X Su(zlyilax2y717x1_1y7x2_1y)a 1>2,17

where d(p, A) = O(1), |v| = O(1), ¢, = O(1). To deal with the factor of ¢, note
that

t(l‘la 1‘2,?}) = S(l)(la 1; 17$1$51, l‘;le) + S(l)(‘rly_lany_la xfly,xgly).

Substituting this into (12) gives a sum of two inner products. In the first
expression, p is replaced by partitions received from p by adding one box, and
in the Second v is replaced by partitions received from v by adding one box.
The net effect is that the factor of ¢ has no real effect on the big-O behaviour.
ma(Mz1) < m3"™ (Ma,1)

(13) < ZCV 1 1 1 :L‘1:L‘21,:L‘1 le)SV(zlyilax2y717x1_1y7x2_1y)a1>2,17

where d(u, A\) = O(1), |v| =0(1), ¢, = O(1).
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LEMMA 10: For each partition i, the inner product

<SM($1y717'rQyilvxl_lyvlé_ly)a 1>1a

can be written as a linear combination of the form

> eiSo (11,1 azy ),
where i < 1|u|, and |¢;| is bounded by a function of |p).

Proof:  For any Laurent polynomial in y, the GL(1) inner product with 1 is

< Zany”, 1> = ayp.

Hence, for each (x1/y)%(x2/y)b(y/21)¢(y/x2)? the inner product with 1 is zero

given by

unless a+b = c+d, in which case it is 2§23 "¢, Since a—c = —(b—d) the inner
product will be of total degree zero. In our case it will also be symmetric in x4
and 3. So it will a symmetric function in z1 /z2 and x2 /21 and can be expressed
as linear combination of functions S(;)(z1/22, v2/21) with j <a —c < %|u|
To get the additional 1’s, note the general fact that
Sa(T1, . yxn) = Salxr, ooy Xpy 1) — Se—1(z1, ..., Zn, 1),

15 zl_lya x2_1y); 1>1
is expressed as a linear combination of terms S, (1,1,1, xlac;l, :cl_lacg). |

Using this fact three times, the inner product (S, (z1y~!, 2y~

Substituting this lemma with equation (13) yields a linear combination of
terms of the form

Sw(1,1,1, Tyt acl_lacg)Su(l, 1,1, zxy b oy a).
We remark that, by Young’s rule, such a product is a sum

Z S,(1,1,1, zlazgl,xflxg),

where v C p and |p/v| = ¢. This implies our next lemma.

LEMMA 11: If X is a partition of height at most 5, then

mxa(Ma1)
< (21, w2, y) HSN(L, 1, 1wy b oy tos 2y ™Y oy ™ 27y, 25 M), Do
= Z Co (S, (1,1, 1, z125 ", 27 taa), 1)a,

where again d(\,v) = O(1) and C, = O(1).
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LEMMA 12: The character sequence
Z Z CV<SV(15 17 1; Il‘r;la xl_l‘r2)7 1>2X/\a
A v

where C), is as the previous lemma, is the Young derived sequence of

Z < Z C,S,(1, 1,331332_1, zl_lzrg), 1> .

A v 2
Proof:  S,(1,1,1,z125 ", 27 'as) = Zg Se(1, 1,zyxy ' 27 og) summed over all
& C v such that v/¢ is a horizontal strip. ]

THEOREM 13: If A is a partition of height at most 5, mx(Maz 1) is the mul-
tiplicity of x* in the cocharacter sequence of My and my(My) is the multi-
plicity of x* in the mixed trace cocharacter sequence of 2 x 2 matrices, then
mx(Ma) < CY(Mr(Ma)), for some constant C.

Proof: By the previous two lemmas, m,\(Mg,l) is less than or equal to the
Young derived sequence of

Z C (S, (1,1, myxy ' tag), 1)

By equation (4), this equals Y C,mP™ (M, 1), which in turn is less than or
equal to Y. C,m™*(Ms ). To complete the proof we now need to show that

> Cymy, < Cmy.

Since the number of partitions v in the sum is uniformly bounded, as are
the coefficients C,, we need only show that m, is bounded by a constant times
my. Let j be an upper bound on d(u, A) and recall that my = wq (A)wa(X)ws(A)
where each w;(A) = A\; — \j11 + 1. Tt follows that w;(p) — w;(A) < 2j. Hence

wi(p) wi(p) —wi(A) ,
wy T T T ey =Y
and so m,, < (1+ 27)3m, and this completes the proof. |

Remark 14: If we replace the requirement that A be a partition of height at
most 5 with height of A bounded by some fixed h the same proof shows

mx(Ma,1) < Cmy,

where C is a constant depending only on h, and v = (A1,...,As) is the first 5
parts of A.
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