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ABSTRACT

In this paper we study the cocharacter sequence of M2,1 and obtain esti-

mates for the multiplicities of the irreducible Sn-characters χλ, where λ

is any partition with at most 5 parts.

In this paper we investigate the cocharacter sequence of M2,1,

χn(M2,1) =
∑

λ∈H(5,4;n)

mλχ
λ.

Note that H(5, 4;n) denotes the partitions of n in the 5 × 4 hook, i.e., those

in which only the first five parts can be greater than four. For this reason

it is reasonable to focus on partitions of height at most five. Let yλ be the

multiplicity of χλ in the Young derived sequence of the cocharacter sequence of

2 × 2 matrices. The coefficient yλ is a polynomial of degree 7 in the parts of λ,

with leading terms computed in equation (3), below. Then we prove that for

some constant C,

(1) 1/6yλ ≤ mλ ≤ Cyλ,

for all partitions of height between 2 and 5 with at least two parts greater

than or equal to 2. The same bounds also hold for the multiplicities in the
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trace cocharacter. More generally, given any fixed height h, there exists a con-

stant C = C(h) such that if λ is a partition of height at most h and µ is the

first 5 parts of λ, then

mλ ≤ Cyµ.

For both the upper and lower bound, the techniques we use to prove our main

theorem can be used to obtain better bounds.

This work suggests a conjecture for the cocharacters in the arm of any Mk,ℓ.

Given any two sequences φ = {φn}n and ψ = {ψn}n of Sn-characters we can

define the tensor product φ⊗̂ψ via (φ⊗̂ψ)n =
∑

i+j=n φi⊗̂ψj . We note, for

later reference, that this operation is commutative and associative. Let χ(F )

be the cocharacter sequence of the field F , so χn(F ) is the irreducible character

χ(n) Then, the Young derived character of φ is χ(F )⊗̂φ. Keeping in mind that

the trace cocharacter sequence and the cocharacter sequence of 2 × 2 matrices

are approximately equal, equation (1) can be thought of as saying that the

arm of the cocharacter of M2,1 is bounded above and below by constants times

χ(F )⊗̂χ(M2(F )). Seen in this light, equation (1) suggests this conjecture.

Conjecture: Let χarm(Mk,ℓ) be the arm of the cocharacter of Mk,ℓ, namely,

the part of the cocharacter corresponding to partitions of height at most k2+ℓ2.

Then

χarm(Mk,ℓ) ≈ χ(Mk(F ))⊗̂χ(Mℓ(F ))

in the sense that, for most partitions λ of height at most k2+ℓ2, the multiplicity

of χλ in χ(Mk,ℓ) is bounded above and below by constants times its multiplicity

in χ(Mk(F ))⊗̂χ(Mℓ(F )).

1. Preliminaries

1.1 Young Derived Sequences. We recall the definition of Young derived

from [7]. Given a sequence of Sn characters φ = {φn}
∞
n=0, we construct a new

sequence of Sn characters ψ called the Young derived sequence of φ and denoted

ψ = Y(φ). It is defined by

Y(φn) =
n

∑

j=0

χ(j)⊗̂φn−j .

If φn =
∑

λ∈Par(n)mλχ
λ, then the multiplicity of χλ in ψn = Y(φn) can be

computed using Young’s rule. It is
∑

mµ summed over all µ ⊆ λ such that λ/µ
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is a horizontal strip. This is equivalent to

λ1
∑

µ1=λ2

λ2
∑

µ2=λ3

· · ·

λn
∑

µn=0

mµ.

Consider now the case in which each φn is supported by partitions of height

at most k, λ = (λ1, . . . , λk). This is denoted by λ ∈ Λk(n). It is useful to

extend the notation of Young derivation to functions. Let m(λ) be a function

on
⋃

n Λk(n). Then we can formally define Y(m) to be a function on partitions

of height at most k + 1 via

Y(m)(λ1, . . . , λk+1) =

λ1
∑

µ1=λ2

λ2
∑

µ2=λ3

· · ·

λn
∑

µn=0

m(µ).

If we assume that the multiplicities are given by a monomial in the parts of λ,

m(λ) = λn1

1 · · ·λnk

k , then Y(m)(λ) is given by

λ1
∑

µ1=λ2

µn1

1

λ2
∑

µ2=λ3

µn2

2 · · ·

λk
∑

µk=λk+1

µnk

k

=
(λn1+1

1 − λn1+1
2 )(λn2+1

2 − λn2+1
3 ) · · · (λnk+1

k − λnk+1
k+1 )

(n1 + 1)! · · · (nk + 1)!
+ lower order terms.

In order to approximate Y(m) on polynomial functions, define a map

Y : F [λ1, . . . , λk] → F [λ1, . . . , λk+1] given by

Y (λn1

1 · · ·λnk

k ) =
(λn1+1

1 − λn1+1
2 )(λn2+1

2 − λn2+1
3 ) · · · (λnk+1

k − λnk+1
k+1 )

(n1 + 1)! · · · (nk + 1)!
,

and extend to all of F [λ1, . . . , λk] by linearity. Then, for m(λ1, . . . , λk) a poly-

nomial,

(2) Y
(

∑

m(λ)χλ
)

=
∑

Y (m(λ))χλ + lower order terms.

In particular, Y (m)(λ) ≃ Y(m)(λ) if the differences λi − λi+1 tend to infinity.

The case that is most important for this paper is the trace cocharacter se-

quence for 2 × 2 matrices. Here,

mλ = (λ1 − λ2 + 1)(λ2 − λ3 + 1)(λ3 − λ4 + 1).

The expansion will be a polynomial of degree 3 and Y (m) will be a polynomial

of degree 7. The reader may care to check that the leading term in Y (mλ) is

1/24(λ4 − λ5)(λ3 − λ4)(λ2 − λ3)(λ1 − λ2)

×
(

3λ1λ2λ3 − 3λ2λ1λ5 − λ3λ1λ4 − λ1λ
2
3 − λ1λ

2
4 + 3λ1λ4λ5 − λ2

2λ3 + λ2
2λ5

+ λ5λ3λ2 + λ2
3λ4 + λ2

3λ5 + λ3λ
2
4 − 3λ4λ5λ3 − λ2λ

2
3

)

.
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Hence,

yλ =1/24(λ4 − λ5)(λ3 − λ4)(λ2 − λ3)(λ1 − λ2)×

(3λ1λ2λ3 − 3λ2λ1λ5 − λ3λ1λ4 − λ1λ
2
3 − λ1λ

2
4 + 3λ1λ4λ5 − λ2

2λ3 + λ2
2λ5+

+ λ5λ3λ2 + λ2
3λ4 + λ2

3λ5 + λ3λ
2
4 − 3λ4λ5λ3 − λ2λ

2
3) + lower order terms.(3)

1.2 The Inner Product. Given any commutative ringK with 1, we consider

the symmetric functions in n variables x1, . . . , xn localized at x1 · · ·xn: R =

K[x1, . . . , xn, (x1 · · ·xn)−1]Sn . This ring has a basis consisting of functions of the

form (x1 · · ·xn)aSλ(x1 · · ·xn) where Sλ is a Schur function and λ is a partition

of height at most n−1 and a is an integer. It has an inner product with respect

to which this basis is orthonormal. We write the inner product as 〈f, g〉n.

Formanek showed in [5] how to use this inner product to compute the trace

cocharacters for n× n matrices. Here is his result:

Theorem 1 (Formanek): Let mptr
λ (Mn) and mmtr

λ (Mn) be the multiplicities of

χλ in the pure and mixed trace cocharacter sequences for n × n matrices over

the characteristic zero field, F . Then these multiplicities can be computed as

inner products

mmtr
λ (Mn) = 〈Sλ(xix

−1
j ), 1〉n

mptr
λ (Mn) =

〈

∑

xix
−1
j Sλ(xix

−1
j ), 1

〉

n

,

where i, j = 1, . . . , n.

In the case of n = 2, the multiplicities are given by

mptr
λ (M2) = 〈Sλ(x1x

−1
2 , x−1

1 x2, 1, 1), 1〉2

mmtr
λ (M2) = 〈(2 + x1x

−1
2 + x−1

1 x2)Sλ(x1x
−1
2 , x−1

1 x2, 1, 1), 1〉2.(4)

These multiplicities have been computed explicitly, see [5] and [6]. We will need

only the explicit form in the case of the mixed trace and the obvious fact that

these are greater than the multiplicities in the pure trace case.

Theorem 2 (Formanek and Procesi): For all λ of height at most 4,

mptr
λ (M2) ≤ mmtr

λ (M2) = ω1ω2ω3,

where each ωi = λi − λi+1 + 1.

We conclude this section with a generalization of 〈 , 〉n that we will need in

section 2.2. Consider the polynomial ring in two sets of variables x1, . . . , xn and
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y1, . . . , ym, localized at x1 · · ·xn and at y1 · · · ym. Let R be the elements of this

ring that are symmetric in the x’s and y’s separately,

R = F [x1, . . . , xn, y1 · · · ym, (x1 · · ·xn)−1, (y1 · · · ym)−1]Sn×Sm .

This ring has basis

(x1 · · ·xn)a(y1 · · · ym)bSλ(x1, . . . , xn)Sµ(y1, . . . , ym),

where λ is a partition of height at most n−1 and µ a partition of height at most

m − 1 and a and b are integers. There is an inner product we denote 〈 , 〉n,m

with respect to which this basis is orthonormal. This inner product relates to

the previous as follows: The algebra R is the tensor product

R ∼= F [x1, . . . , xn, (x1 · · ·xn)−1]Sn ⊗ F [y1, . . . , ym, (y1 · · · ym)−1]Sm .

Then

(5) 〈f1 ⊗ f2, g1 ⊗ g2〉n,m = 〈f1, g1〉n〈f2, g2〉m.

2. The Arm of the Cocharacter

2.1 Lower Bound. Let M2M1 denoted the algebra of 3 × 3 matrices of the

form
(

A
0

B
D

)

, where A is a 2 × 2 matrix and D a 1 × 1 matrix. The T -ideal of

identities of M2M1 is the product of the ideals of identities of 2×2 matrices and

1× 1 matrices. Moreover, M2M1 is p. i. equivalent to a subalgebra of M2,1 and

so its cocharacter sequence gives a lower bound for that of M2,1. That sequence

is easy to describe using [3], although we do not know how to compute the trace

cocharacters of M2M1.

Theorem 3: The cocharacter of M2,1 is greater than or equal to that of M2M1

which equals:

χn(M2M1) =χ(n) + χn(M2(F )) + χ(1)⊗̂

n−1
∑

j=0

χ(j)⊗̂χn−1−j(M2(F ))

−
n

∑

j=0

χ(j)⊗̂χn−j(M2(F ))

This formula can be restated in the more compact form

χ(M2,1) ≥ χ(F ) + χ(M2(F )) + (χ(1) − 1)⊗̂Y(χ(M2(F )))

= χ(F ) + χ(M2(F )) + Y((χ(1) − 1)⊗̂χ(M2(F ))).(6)
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Of course, the left hand side of this inequality is supported in the strip H(5, 0),

which is the arm of the cocharacter.

The cocharacter sequence {χn(M2(F ))} was computed by Drensky and For-

manek, see [4] and [5]. We record the results.

Theorem 4 (Drensky and Formanek): The multiplicities in the cocharacter

sequence of 2 × 2 matrices are given by

mλ(M2(F )) =










1 if λ = (n)
(λ1 − λ2 + 1)λ2 if λ = (λ1, λ2), λ2 ≥ 1
λ1(2 − λ4) − 1 if λ = (λ1, 1, 1, λ4)
(λ1 − λ2 + 1)(λ2 − λ3 + 1)(λ3 − λ4 + 1) otherwise.

This is the Young derived sequence of 1 +
∑

χλ, where λ runs over all

λ = (λ1, λ2, λ3) with λ2 ≥ 1 and λ 6= (1, 1, 1)

Combining the last part of the Drensky–Formanek theorem with equation (6)

yields

χ(M2,1) ≥ Y

(

2 +
∑

{χλ|λ = (λ1, λ2, λ3) 6= (1, 1, 1), λ2 ≥ 1}

+ (χ(1) − 1)⊗̂χ(M2(F ))

)

.(7)

We abbreviate the right hand side as Y(
∑

nλχ
λ) and we let m′

λ be the function

which is 1 on all partitions of height 2 or 3, except for (1, 1, 1), equal to 2 on

the trivial partition and which is zero otherwise.

Lemma 5: Let nλ be defined as above. If λ = (λ1, λ2, λ3, λ4, 1) then

nλ = m(λ1,λ2,λ3,λ4)(M2(F )); if λ is any other partition of height greater than 4,

nλ = 0; and if λ has height less than or equal to 4, then nλ is given as in figure 1,

where ωi = λi − λi+1 + 1.

Proof: Given a partition λ, let λ− be the set of partitions gotten from λ by

subtracting 1 from one of the parts. Then

nλ = m′
λ −mλ +

∑

µ∈λ−

mµ,

where m = m(M2(F )) is as in Drensky–Formanek. If λ5 ≥ 2 or λ6 ≥ 1, then

λ− will contain only partitions of height at least 5 and so nλ = 0. If λ5 = 1

and λ6 = 0 the only partition of height less than 5 in λ− is the one received by

replacing λ5 by zero and so nλ = m(λ1,...,λ4).
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λ nλ

λ3 ≥ 2, λ4 > 0 3ω1ω2ω3 − ω1 − ω3

λ3 ≥ 2, λ4 = 0 2ω1ω2ω3 − ω1 − ω3 − ω1ω2 + 1
(λ1, λ2, 1, 1), λ2 ≥ 3 3ω1ω2ω3 − ω1 − ω3, where ω3 = 1
(λ1, λ2, 1), λ2 ≥ 3 ω1(3λ2 − 2) − 1

(λ1, 2, 1) 4λ1 − 6
(λ1, 2, 1, 1) 5λ1 − 7

(λ1, 1, 1, 1), λ1 ≥ 2 2λ1 − 2
(14) 1

(λ1, 1, 1) λ1 − 1
(λ1, λ2), λ2 ≥ 2 ω1(λ2 − 1)

(λ1, 1) 1
(λ1), λ1 ≥ 1 0

(0) 1

Figure 1. Values of nλ

If λ3 ≥ 2 and λ4 ≥ 1 then m′
λ = 0 and

nλ = −m(λ1, λ2, λ3, λ4) +m(λ1 − 1, λ2, λ3, λ4) +m(λ1, λ2 − 1, λ3, λ4)

+m(λ1, λ2, λ3 − 1, λ4) +m(λ1, λ2, λ3, λ4 − 1)

= − ω1ω2ω3 + (ω1 − 1)ω2ω3 + (ω1 + 1)(ω2 − 1)ω3

+ ω1(ω2 + 1)(ω3 − 1) + ω1ω2(ω3 + 1)

=3ω1ω2ω3 − ω3 − ω1

If λ3 ≥ 2 and λ4 = 0, the computation will be the same, except there will

be no m(λ1, λ2, λ3, λ4 − 1) term and there will be a +1 for the m′
λ. Hence,

nλ = 2ω1ω2ω3 − ω3 − ω1 − ω1ω2 + 1.

We now consider the cases in which λ3 = 1. First we consider the cases in

which λ2 ≥ 3. If λ4 = 1 the computation is the same as the λ3 ≥ 2, λ4 ≥ 1 case

with ω3 = 1 and mλ = 3ω1ω2 − 1 − ω1. If λ2 ≥ 3, λ3 = 1 and λ4 = 0, then

n(λ1, λ2, 1) =m′(λ) −m(λ1, λ2, 1) +m(λ1 − 1, λ2, 1) +m(λ1, λ2 − 1, 1)

+m(λ1, λ2)

=1 − ω1(λ2)(2) + (ω1 − 1)(λ2)(2) + (ω1 + 1)(λ2 − 1)(2) + ω1(λ2)

=3ω1λ2 − 2ω1 − 1
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If λ = (λ1, 2, 1, 1), then m′
λ = 0 and

n(λ1, 2, 1, 1) = −m(λ1, 2, 1, 1) +m(λ1 − 1, 2, 1, 1) +m(λ1, 1, 1, 1) +m(λ1, 2, 1)

= −(λ1 − 1)2 + (λ1 − 2)2 + (λ1 − 1) + (λ1 − 1)4

= 5λ1 − 7.

If λ = (λ1, 2, 1), then m′
λ = 1 and

n(λ1, 2, 1) = 1 −m(λ1, 2, 1) +m(λ1 − 1, 2, 1) +m(λ1, 1, 1) +m(λ1, 2)

= 1 − (λ1 − 1)4 + (λ1 − 2)4 + (2λ1 − 1) + (λ1 − 1)2

= 4λ1 − 6.

If λ = (λ1, 1, 1, 1) with λ1 ≥ 2, then m′
λ = 0 and

n(λ1, 1, 1, 1) = −m(λ1, 1, 1, 1) +m(λ1 − 1, 1, 1, 1) +m(λ1, 1, 1)

= −(λ1 − 1) + (λ1 − 2) + (2λ1 − 1) = 2λ1 − 2.

And, if λ = (14), n((14)) = −m((14)) +m((13)) = 1.

If λ = (λ1, 1, 1) with λ1 ≥ 2, then m′
λ = 1 and

n(λ1, 1, 1) = 1 −m(λ1, 1, 1) +m(λ1 − 1, 1, 1) +m(λ1, 1)

= 1 − (2λ1 − 1) + (2λ1 − 3) + (λ1)

= λ1 − 1.

If λ = (1, 1, 1), then m′
λ = 0 and n(1, 1, 1) = −m(1, 1, 1)+m(1, 1) = 0. We note

that n(λ) is also equal to λ1 − 1 in this case.

We now turn to the height two case. If λ2 ≥ 2, then m′
λ = 1 and

n(λ1, λ2) = 1 −m(λ1, λ2) +m(λ1 − 1, λ2) +m(λ1, λ2 − 1)

= 1 − ω1λ2 + (ω1 − 1)λ2 + (ω1 + 1)(λ2 − 1)

= ω1λ2 − ω1

= ω1(λ2 − 1).

If λ = (λ1, 1) then

n(λ1, 1) = 1 −m(λ1, 1) +m(λ1 − 1, 1) +m(λ1)

= 1 − λ1 + (λ1 − 1) + 1 = 1

Finally, if λ = (λ1), then m′
λ = 0 and m(λ1) = m(λ1−1) = 1 and so n(λ) = 0;

unless λ1 = 0 in which case, m′
λ = 2 and there is no m(λ1 − 1) term. The net

effect is n(λ) = 1.
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Corollary 6: 6nλ ≥ m̄λ for all λ except for λ = (13), (λ1, 1) or (λ1), λ1 ≥ 1,

where m̄λ is mmtr
λ (M2) as in Theorem 2.

Proof: If λ is a partition of height greater than 4, m̄λ = 0 and the inequality is

automatic. If λ is any partition of height at most 4, then m̄λ = ω1ω2ω3 and each

ωi ≥ 1. We now consider separately each of the cases of the previous lemma.

In the case of λ3 ≥ 2 and λ4 > 0, or (λ1, λ2, 1, 1) and λ2 ≥ 4, 6nλ−m̄λ equals

17ω1ω2ω3 − 6ω1 − 6ω3 = ω1ω3(17ω2 − 6/ω3 − 6/ω1) ≥ ω1ω3(17 − 6 − 6) ≥ 0.

In the case of λ3 ≥ 2 and λ4 = 0, note that ω3 ≥ 3 and so 6nλ − m̄λ equals

11ω1ω2ω3 − 6ω1 − 6ω3 − 6ω1ω2 + 6 = ω1ω2(5ω3 − 6/ω2 − 6) + ω3(6ω1ω2 − 6)

≥ ω1ω2(15 − 6 − 6) + ω3(6 − 6) > 0

In the case of λ = (λ1, λ2, 1) with λ2 ≥ 3, m̄λ = 2ω1λ2 and so 6nλ − m̄λ

equals

16ω1λ2 − 12ω1 − 6 ≥ 48ω1 − 12ω1 − 6 > 0.

In the case of λ = (λ1, 2, 1), m̄λ = 4λ1 − 4 and so 6nλ − m̄λ = 20λ1 − 36

which is greater than zero since λ1 must be at least 2.

In the case of λ = (λ1, 2, 1, 1), m̄λ = 2λ1 − 2 and so 6nλ − m̄λ = 28λ1 − 38

which again is greater than zero since λ1 must be at least 2.

In the case of λ = (λ1, 1, 1, 1) with λ1 ≥ 2, m̄λ = λ1 and so 6nλ − m̄λ =

11λ1 − 12 > 0. And, if λ1 = 1, then 6nλ − m̄λ = 5.

If λ = (λ1, 1, 1) then m̄λ = 2λ1 and so 6nλ − m̄λ = 4λ1 − 6. This is greater

than or equal to zero, unless λ1 = 1.

If λ = (λ1, λ2) with λ2 ≥ 2 then m̄λ = ω1(λ2 + 1) and so 6nλ − m̄λ =

ω1(5λ2 − 7) > 0.

With the help of this corollary and the previous lemma we can now prove

the lower bound on for mλ(M2,1) with λ ∈ H(5, 0) which we stated in the

introduction.

Theorem 7: If λ ∈ Λ5(n) is not of the form (λ1) or (λ1, 1), then the multiplicity

of χλ in χn(M2,1) is greater than or equal to 1
6yλ.

Proof: Comparing the nλ with m̄λ = ω1ω2ω3, the previous corollary states

that nλ ≥ 1
6m̄λ for all λ except λ = (λ1), (λ1, 1), or (1, 1, 1). These occur in

the computation of Y(m̄)λ and of Y(n)λ for those λ with λ/µ a horizontal strip,

where µ is one of the above. Hence, the possibly problematic λ are those of
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the form (λ1, λ2), (λ1, λ2, 1), and (λ1, 1
3). For all other λ it is immediate that

Y(n)λ ≥ 1
6Y(m̄)λ. We now consider the remaining cases.

Case of λ = (λ1, 1
3):

Y(m̄)λ =

λ1
∑

i=1

(m̄(i, 13) + m̄(i, 12)) =

λ1
∑

i=1

(i+ 2i) =
3

2
λ1(λ1 + 1).

On the other hand,

Y(n)λ =

λ1
∑

i=1

(nλ(i, 13) + nλ(i, 12) =

λ1
∑

i=1

(2i− 2 + i− 1) + 1 (for λ = (1, 1, 1, 1))

=
3

2
λ1(λ1 − 1) + 1.

Hence, 6Y(n)λ − Y(m̄)λ = 3
2λ1(5λ1 − 7) + 6, which is positive for all λ1 ≥ 1.

Case of λ = (λ1, 1
2):

Y(m̄)λ =

λ1
∑

i=1

(m̄(i, 12) + m̄(i, 11)) =

λ1
∑

i=1

(2i+ 2i) = 2λ1(λ1 + 1)

and

Y(n)λ =

λ1
∑

i=1

(nλ(i, 12) + nλ(i, 1)) =

λ1
∑

i=1

(i− 1 + 1) =
1

2
λ1(λ1 + 1).

Hence, 6Y(n)λ − Y(m̄)λ = λ1(λ1 + 1) > 0.

Case of λ = (λ1, λ2): This and the next case are more difficult.

Y(m̄)λ =

λ2
∑

µ2=0

λ1
∑

µ1=λ2

(µ1 − µ2 + 1)(µ2 + 1).

Making the substitution ω1 = µ1 − µ2 + 1 yields

Y(m̄)λ =

λ2
∑

µ2=0

λ1−µ2+1
∑

ω1=λ2−µ2+1

ω1(µ2 + 1) =

λ2
∑

µ2=0

(µ2 + 1)

λ1−µ2+1
∑

ω1=λ2−µ2+1

ω1

=

λ2
∑

µ2=0

1

2
(µ2 + 1)(λ1 − λ2 + 1)(λ1 + λ2 − 2µ2 + 2).

In order to do the corresponding computation for nλ, we assume that λ2 ≥ 2

and note from table 1 that nµ is zero if µ2 = 0 and has different descriptions
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depending on whether µ2 = 1 or µ2 ≥ 2. As above, we make the substitution

ω1 = µ1 − µ2 + 1,

Y(n)λ =

λ2
∑

µ2=0

λ1
∑

µ1=λ2

n(µ1, µ2) =
∑

µ2=1

λ1
∑

µ1=λ2

1 +

λ2
∑

µ2=2

λ1−µ2+1
∑

ω1=λ2−µ2+1

ω1(µ2 − 1)

= λ1 − λ2 + 1 +

λ2
∑

µ2=2

1

2
(λ1 − λ2 + 1)(λ1 + λ2 − 2µ2 + 2)(µ2 − 1).

We now compute 6Y(n)λ − Y(m̄λ) equals 1
2 (λ1 − λ2 + 1) times

λ2
∑

µ2=2

(λ1 + λ2 − 2µ2 + 2)(5µ2 − 7) + 12 −

1
∑

µ2=0

(µ2 + 1)(λ1 + λ2 − 2µ2 + 2)

= 12 +

λ2
∑

µ2=2

(λ1 + λ2 − 2µ2 + 2)(5µ2 − 7) − (3λ1 + 3λ2 + 2).

In order to get an upper bound we replace the sum by its µ2 = 2 term:

6Y(n)λ − Y(m̄)λ is greater than or equal to 1
2 (λ1 − λ2 + 1) times

3(λ1 + λ2 − 2) + 12 − (3λ1 + 3λ2 + 2) = 4.

Case of λ = (λ1, λ2, 1) with λ2 ≥ 2:

Y(m̄)λ =

λ2
∑

µ2=1

λ1
∑

µ1=λ2

(m̄(µ1, µ2, 1)) + m̄(µ1, µ2)

=

λ2
∑

µ2=1

ω1=λ1−µ2+1
∑

ω1=λ2−µ2+1

(2µ2ω1 + (µ2 + 1)ω1)

=

λ2
∑

µ2=1

(3µ2 + 1)

ω1=λ1−µ2+1
∑

ω1=λ2−µ2+1

ω1

=

λ2
∑

µ2=1

1

2
(3µ2 + 1)(λ1 − λ2 + 1)(λ1 + λ2 − 2µ2 + 2).(8)

In the computation of Y(n)λ , we will need to consider separately µ ⊆ λ of the

form (µ1, 2, 1), (µ1, 1, 1) and (µ1, 1). Then,

Y(n)λ =

λ2
∑

µ2=1

λ1
∑

µ1=λ2

(n(µ1, µ2, 1) + n(µ1, µ2)).
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Now,

λ2
∑

µ2=1

λ1
∑

µ1=λ2

n(µ1, µ2, 1)

=

λ1
∑

µ1=λ2

n(µ1, 1, 1) +

λ1
∑

µ1=λ2

n(µ1, 2, 1) +

λ2
∑

µ2=3

λ1
∑

µ1=λ2

n(µ1, µ2, 1)

=

λ1
∑

µ1=λ2

µ1 − 1 +

λ1
∑

µ1=λ2

4µ1 − 6

+

λ2
∑

µ2=3

λ1−µ2+1
∑

ω1=λ2−µ2+1

(ω1(3µ2 − 2) − 1)

=
1

2
(λ1 − λ2 + 1)(5λ1 + 5λ2 − 14)

+

( λ2
∑

µ2=3

(3µ2 − 2)
1

2
(λ1 − λ2 + 1)(λ1 + λ2 − 2µ2 + 2)

)

− (λ1 − λ2 + 1)(λ2 − 2)

and

λ2
∑

µ2=1

λ1
∑

µ1=λ2

n(µ1, µ2) =

λ1
∑

µ1=λ2

n(µ1, 1) +

λ2
∑

µ2=2

λ1
∑

µ1=λ2

n(µ1, µ2)

=

λ1
∑

µ1=λ2

1 +

λ2
∑

µ2=2

λ1−µ2+1
∑

ω1=λ2−µ2+1

ω1(µ2 − 1)

=(λ1 − λ2 + 1)

+

λ2
∑

µ2=2

(µ2 − 1)
1

2
(λ1 − λ2 + 1)(λ1 + λ2 − 2µ2 + 2).

Hence, Y(n)λ equals (λ1 − λ2 + 1) times

1

2
(5λ1 + 5λ2 − 14) +

λ2
∑

µ2=3

(3µ2 − 2)
1

2
(λ1 + λ2 − 2µ2 + 2) − (λ2 − 2) + 1

+
1

2
(λ1 + λ2 − 4) +

λ2
∑

µ2=3

(µ2 − 1)
1

2
(λ1 + λ2 − 2µ2 + 2)

(9) = 3λ1 + 2λ2 − 6 +
1

2

λ2
∑

µ2=3

(4µ2 − 3)(λ1 + λ2 − 2µ2 + 2).
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Combining this equation with equation (8) we compute 6Y(n)λ −Y(m̄)λ, by

pulling out initial terms in the computation of m̄λ and get (λ1 − λ2 + 1) times

6

(

3λ1 + 2λ2 − 6 +
1

2

λ2
∑

µ2=3

(4µ2 − 3)(λ1 + λ2 − 2µ2 + 2)

)

−
1

2

( λ2
∑

µ2=3

(3µ2 + 1)(λ1 + λ2 − 2µ2 + 2) + 4(λ1 + λ2) + 7(λ1 + λ2 − 2)

)

=
1

2
(25λ1 + 13λ2 − 58) +

1

2

λ2
∑

µ2=3

(13µ2 − 13)(λ1 + λ2 − 2µ2 + 2)

Each term in the summation is positive and since λ1 ≥ λ2 ≥ 2 the first term is

greater than or equal to 50 + 26 − 58 and so is greater than 0.

Remark 8: There are two remaining cases, λ = (λ1) and λ = (λ1, 1). Note that

Y(n)(λ1) = 1 and Y(n)(λ1, 1) = λ1, and the multiplicity dλ of the irreducible

Sn-module corresponding to λ is also 1 and λ1 in the respective cases. Since

these are equal, mλ(M2,1) = 1 for λ = (λ1) and mλ(M2,1) = λ1 for λ = (λ1, 1).

2.2 Upper Bound. The generic trace ring for Mk,ℓ is a fixed ring for the

general linear Lie superalgebra pl(k, ℓ). As such, it is contained in a fixed ring

for gl(k)×gl(ℓ) ⊂ pl(k, ℓ). These facts were used in [1] to get an upper bound for

mmtr(Mk,ℓ), see corollary 21 of [1]. That corollary is stated in the language of

contour integrals, but easily translates to the inner products of Schur functions,

see section 1.2. Here is that translation in the case of M2,1. Note that HSλ

denotes the hook Schur function defined in [2].

Lemma 9: mλ(M2,1) ≤ mmtr
λ (M2,1) and

mmtr
λ (M2,1) ≤

〈

t(x1, x2, y)HSλ

(

1, 1, 1,
x1

x2
,
x2

x1
;
x1

y
,
x2

y
,
y

x1
,
y

x2

)

, 1
〉

2,1
,

where t(x1, x2, y) = (3 + x1

x2
+ x2

x1
+ x1

y + x2

y + y
x1

+ y
x2

).

By the definition of hook Schur functions

HSλ(1, 1, 1, x1x
−1
2 , x−1

1 x2;x1y
−1, x2y

−1, x−1
1 y, x−1

2 y) =

(10)
∑

µ⊂λ

Sµ(1, 1, 1, x1x
−1
2 , x−1

1 x2)S(λ/µ)′ (x1y
−1, x2y

−1, x−1
1 y, x−1

2 y).
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Also by Littlewood–Richardson,

S(λ/µ)′(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y) =

(11)
∑

ν

Cλ
µ,νSν′(x1y

−1, x2y
−1, x−1

1 y, x−1
2 y).

The Cλ
µ,ν are the Littlewood–Richardson coefficients. They equal the number

of skew tableaux of shape λ/µ and content ν with certain properties. Since λ/µ

has |ν| boxes

Cλ
µ,ν ≤ |ν||ν|

and, in particular, if |ν| is bounded, so is Cλ
µ,ν . In equation (11) ν′ must have

height at most four since Sν′(x1y
−1, . . . , x−1

2 y) involves four variables. Hence,

each row of ν is of length at most 4. On the other hand, Cλ
µ,ν will be zero unless

ν ⊆ λ, so under the assumption that λ has height at most 5, ν must also have

height at most 5. Hence, ν ⊆ (45), and in particular |ν| is bounded, and so Cλ
µ,ν

will also be bounded.

Now define the distance between two partitions α and β as d(α, β) =
∑

|αi − βi| The previous discussion implies that if λ is a partition of height

at most 5, then

mλ(M2,1) ≤ mmtr
λ (M2,1)

≤
∑

µ,ν

cν〈t(x1, x2, y)Sµ(1, 1, 1, x1x
−1
2 , x−1

1 x2)

× Sν(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y), 1〉2,1,(12)

where d(µ, λ) = O(1), |ν| = O(1), cν = O(1). To deal with the factor of t, note

that

t(x1, x2, y) = S(1)(1, 1, 1, x1x
−1
2 , x−1

1 x2) + S(1)(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y).

Substituting this into (12) gives a sum of two inner products. In the first

expression, µ is replaced by partitions received from µ by adding one box, and

in the Second ν is replaced by partitions received from ν by adding one box.

The net effect is that the factor of t has no real effect on the big-O behaviour.

mλ(M2,1) ≤ mmtr
λ (M2,1)

≤
∑

µ,ν

cν〈Sµ(1, 1, 1, x1x
−1
2 , x−1

1 x2)Sν(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y), 1〉2,1,(13)

where d(µ, λ) = O(1), |ν| = O(1), cµ = O(1).
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Lemma 10: For each partition µ, the inner product

〈Sµ(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y), 1〉1,

can be written as a linear combination of the form
∑

ν

ciS(i)(1, 1, 1, x1x
−1
2 , x−1

1 x2),

where i ≤ 1
2 |µ|, and |ci| is bounded by a function of |µ|.

Proof: For any Laurent polynomial in y, the GL(1) inner product with 1 is

given by
〈

∑

any
n, 1

〉

= a0.

Hence, for each (x1/y)
a(x2/y)

b(y/x1)
c(y/x2)

d the inner product with 1 is zero

unless a+b = c+d, in which case it is xa−c
1 xb−d

2 . Since a−c = −(b−d) the inner

product will be of total degree zero. In our case it will also be symmetric in x1

and x2. So it will a symmetric function in x1/x2 and x2/x1 and can be expressed

as linear combination of functions S(j)(x1/x2, x2/x1) with j ≤ a− c ≤ 1
2 |µ|.

To get the additional 1’s, note the general fact that

Sa(x1, . . . , xn) = Sa(x1, . . . , xn, 1) − Sa−1(x1, . . . , xn, 1).

Using this fact three times, the inner product 〈Sµ(x1y
−1, x2y

−1, x−1
1 y, x−1

2 y), 1〉1

is expressed as a linear combination of terms Sν(1, 1, 1, x1x
−1
2 , x−1

1 x2).

Substituting this lemma with equation (13) yields a linear combination of

terms of the form

S(i)(1, 1, 1, x1x
−1
2 , x−1

1 x2)Sµ(1, 1, 1, x1x
−1
2 , x−1

1 x2).

We remark that, by Young’s rule, such a product is a sum
∑

ν

Sν(1, 1, 1, x1x
−1
2 , x−1

1 x2),

where ν ⊆ µ and |µ/ν| = i. This implies our next lemma.

Lemma 11: If λ is a partition of height at most 5, then

mλ(M2,1)

≤ 〈t(x1, x2, y)HSλ(1, 1, 1, x1x
−1
2 , x−1

1 x2;x1y
−1, x2y

−1, x−1
1 y, x−1

2 y), 1〉2,1

=
∑

ν

Cν〈Sν(1, 1, 1, x1x
−1
2 , x−1

1 x2), 1〉2,

where again d(λ, ν) = O(1) and Cν = O(1).



386 A. BERELE Isr. J. Math.

Lemma 12: The character sequence
∑

λ

∑

ν

Cν〈Sν(1, 1, 1, x1x
−1
2 , x−1

1 x2), 1〉2χ
λ,

where Cν is as the previous lemma, is the Young derived sequence of

∑

λ

〈

∑

ν

CνSν(1, 1, x1x
−1
2 , x−1

1 x2), 1

〉

2

χλ.

Proof: Sν(1, 1, 1, x1x
−1
2 , x−1

1 x2) =
∑

ξ Sξ(1, 1, x1x
−1
2 , x−1

1 x2) summed over all

ξ ⊆ ν such that ν/ξ is a horizontal strip.

Theorem 13: If λ is a partition of height at most 5, mλ(M2,1) is the mul-

tiplicity of χλ in the cocharacter sequence of M2,1 and mλ(M2) is the multi-

plicity of χλ in the mixed trace cocharacter sequence of 2 × 2 matrices, then

mλ(M2,1) ≤ CY(mλ(M2)), for some constant C.

Proof: By the previous two lemmas, mλ(M2,1) is less than or equal to the

Young derived sequence of
∑

ν

Cν〈Sν(1, 1, x1x
−1
2 , x−1

1 x2), 1〉2.

By equation (4), this equals
∑

ν Cνm
ptr(M2,1), which in turn is less than or

equal to
∑

ν Cνm
mtr(M2,1). To complete the proof we now need to show that

∑

ν

Cνm̄ν ≤ Cm̄λ.

Since the number of partitions ν in the sum is uniformly bounded, as are

the coefficients Cν , we need only show that m̄ν is bounded by a constant times

m̄λ. Let j be an upper bound on d(µ, λ) and recall that m̄λ = ω1(λ)ω2(λ)ω3(λ)

where each ωi(λ) = λi − λi+1 + 1. It follows that ωi(µ) − ωi(λ) ≤ 2j. Hence

ωi(µ)

ωi(λ)
= 1 +

ωi(µ) − ωi(λ)

ωi(λ)
≤ 1 + 2j

and so m̄µ ≤ (1 + 2j)3m̄λ and this completes the proof.

Remark 14: If we replace the requirement that λ be a partition of height at

most 5 with height of λ bounded by some fixed h the same proof shows

mλ(M2,1) ≤ Cm̄ν ,

where C is a constant depending only on h, and ν = (λ1, . . . , λ5) is the first 5

parts of λ.
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